CHAPTER 3

LINEAR DIFFERENTIAL EQUATIONS
OF THE FIRST ORDER

1. LINEAR DIFFERENTIAL EQUATIONS (L.D.E.) >
In this chapter we discuss the non homogeneous linear differen-

tial equation of first order which takes the form

dy _
I +P(x)y =Q(x) eue e v . (1)

And then we will investigate how to solve nonlinear D.E. can be
transformed into L.D.E.

® NOTE THAT»
(1) The D.E. in the form Z—z + P(x)y = 0 is called homogeneous

linear differential equation of first order.
(2) The D.E. may be linear in the variable x, such as

dx
dy

THE GENERAL SOLUTION OF L.D.E.»

+P(y)x = Q)

The general solution of the differential equation (1) is given by
10y = [ 169 eCodx +

where I(x) = e/ P@ax i the integrating factor of equation (1).
EXAMPLE 1.1»
Solve the D.E.
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3
I = 4
y+x x3+

SOLUTION

X

. - 3
Since the D.E. is linear then P(x) =- , Q(x) = e—3 + 4.
X X
Its integrating factor is
I(x) = el POdx — ef%dx = g3lnx — 43

So, the general solution can be written as

yx—xx3+ x+c

yx3 =e*+x*+c
e* c
y——3+x+F

EXAMPLE 1.2»
Find the general solution of the D.E.

dy 1 X
axTxYTe
SOLUTION
The D.E. is linear, with P(x) = =, Q(x) = e".
X

Its integrating factor is
1
1) = of POIax = oI5 = ginx —

So, we can obtain the general solution from

I(x)y = f](x) Q(x)dx +c

xy=fxexdx+c

Using integral by parts the solution is
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xy=e*(x—1)+c
EXAMPLE 1.3»

Find the general solution of the D.E.

dy , .
cosxd——ysmx = SINX COS X
X

SOLUTION
Divided the equation by cos x, we get
y' —ytanx = sinx
The D.E. is linear, with P(x) = —tanx , Q(x) = sinx.
Integrating factor is
I(x) = efP(x)dx — e—ftanxdx = elncosx — o5y

So, the general solution is

1
Y COS X =fcosxsinxdx+c=§fsin2xdx+c

-1
Y COS X ZTCOSZX-FC

EXAMPLE 1.4»
Find the general solution of the D.E.
y' +ytanx = secx
SOLUTION
The D.E. is linear, with P(x) =tanx , Q(x) = secx.

Integrating factor is
I(x) = efP(x)dx — eftanxdx — elnsecx — gacx

So, the general solution is

y secx :fseczxdx+c

-53 -



ysecx =tanx + ¢
EXAMPLE 1.5»
Find the general solution of the D.E.
y =x(y' — xcosx)
SOLUTION

The equation can be written in the form

1
y' =3y =xcosx

The D.E. is linear, with P(x) = e Q(x) = x cos x.
X
Integrating factor is

(%) = el PCIdx — e—fidx = g~ Inx :1
X

So, the general solution 1s

1
y; =fcosxdx+c

LU
y—=SInx Cc
X

y =xsinx + cx

EXAMPLE 1.6»
Find the general solution of the D.E.

1)
Y777y =&+D
SOLUTION
The D.E. is linear, with P(x) = —% , Q) = (x + 1)3.

Integrating factor is
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_ dx _ - [dx _ 1
I(x) —eJ‘P(x) X = e Jx+1 —m

So, the general solution is

1 [+ 1)
y(x+1)2 ) (x+1)2

1
dx+c=§(x+1)2+c

1
Ly = E(x + D*+ c(x + 1)?
EXAMPLE 1.7»
Find the general solution of the D.E.

y' ==y = x"e”
X

SOLUTION
The D.E. is linear, with P(x) = =2 |, Q(x) = x"e%
X
Its integrating factor is
n 1
I(x) = el POIx = o= J30% = por

So, the general solution is

1 x"e*
yx_" =f o dx+c=e*+c
Ly =x"(e*+c)
EXAMPLE 1.8»
Find the general solution of the D.E.
(x—1y —y=2(x-1)°
SOLUTION

The equation can be written in the linear form

’ 1 =2 12
y -7y =2(x-1%

- 55 -



where P(x) = —:11 , Q) = 2(x — 1A

Integrating factor is

1
x—1

(%) = efP(x)dx — e—fﬁdx = g~ In(x-1) —

So, the general solution is
Y
x—1
y
— = (x—1)?
p— x—1D“+c

y=@x—-13+c(x—1)

=2f(x—1)dx+c

2. BERNOULLI'S EQUATION »
The differential equation in the form

dy _ n
I +P(x)y =Q(x)y™....... (2)

1s called Bernoulli's differential equation, it can be transformed
into a L.D.E. as follows:
(1) Divided equation (2) by y"
d
y 2+ POy = Q)
(i1) Using the substitution

1-n

z=Yy

dz

dx

Eq. (2) will be transformed to

dy
— _ -n_7

dz _
- +(1-—n)P(x)z=(1—-n)Q(x)

which is L.D.E.
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EXAMPLE 2.1»
Find the general solution of the D.E.
y' + 2y = e*y?
SOLUTION
Divided both sides by y?, then

X

Yy +2yTi=e

- dz _2d
Let z=yl->Z=_y2X
dx dx

Substitute in the D.E. we get
dz

2y =
I A e

This is linear D.E. , with P(x) = =2, Q(x) = —e".

X

Integrating factor is
I(x) = e—dex — g2

The solution will take the form

Substitute by z = y~1, the general solution become
y(e*+ce?*) =1
EXAMPLE 2.2»
Find the general solution of the D.E.
xy'+y=xy*lnx
SOLUTION
Divided both sides by xy?, then
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1
2yl —y =1
yoy Ty nx
Let z=ylo%-_y2%
Y dx dx
Substitute in the D.E. we get

dz 1 1
- -z=—Inx
This is linear D.E., with P(x) = e Q(x) = —Inx.
X

Integrating factor is
1 1
I(x) = e 3% =gz = =
X

The solution will take the form

VA

1
=—j—lnxdx+c
X x

z —(Inx)?
X 2
Substitute by z = y~1, the general solution become
1  —x(Inx)?
y 2

EXAMPLE 2.3»

Find the general solution of the D.E.

dy

VT

5

SOLUTION
Divided both sides by y°, then
Yy -yt =x

- dz —_gd
Let z=y*->Z=—4y 52
dx dx
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Substitute in the D.E. we get

—+4z = —4x
dx z

This is linear D.E., its integrating factor is
I(x) = ef4dx — %%

The solution will take the form

etz = —J4xe4‘xdx +c

1
etz = —xe™ + Ze“‘x +c
But z = y~1, then the general solution become
1 1 9
— =-—x+ce™
y 4

EXAMPLE 2.4»
Find the general solution of the D.E.

1
y' + 2= (x? + 5x)y3

SOLUTION
Divided both sides by y3, then
1
Y7y Aoy = (¢ 4+ 5x)
Let z=y2->%=_2y3%

dx dx
Substitute in the D.E. we get

dz_2 _ 2(x2+5
T xZ =—-2(x X)
This is linear D.E., with P(x) = —= , Q(x) = —2(x% + 5x).

Integrating factor is
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I(x) = = V3% = gm2inx — _

X2
The solution will take the form

A 1

F = — fF(XZ‘FSX)dX‘f‘C

Z
—2=—2x—101nx+c
X

Substitute by z = y~?2, the general solution become

L 2x? 51 2
— =—2x°(x+5Inx) +cx
EXAMPLE 2.5»

Find the general solution of the D.E.

y' = (1 + l)y = —2e*y?
x
SOLUTION
Divided both sides by y?, then

1
y 2y’ — (1 + ;)y‘l = —2e*

- dz 2 d
Let z=y15Z=_y2Z
dx dx

Substitute in the D.E. we get

dz 1
—+ (1+—)z = 2e”*
dx X
This is linear D.E., with P(x) = (1 + l) ,  Q(x) = 2€"
X

Integrating factor is
1
I(x) = ef(l"';)dx = extlnx — 4o

The solution will take the form
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xe*z = foezxdx+c

By integral and substitute z = y~!, the general solution become

xe* 1y ,
—=<x——)e *+c
y 2

EXERCISES 1
Find the general solution of the following D.E.

Dy +y=e™ (2)—+y—1+x
—__c 3 —
(3)dx x+1y—(x+1) (4)x 4y = x°
(5)y" + y cotx = cosec x (6) y' cosx +ysinx =1
2y, -(1_2 (1+x2)y +xy=1
My xy—(l x)ex ®) ( )y y
9 2x+ 1)y’ — 2y = 4x (10) x2y" + xy = —1
Dyly=_Ly2 12) y' — 4xy = x3y?
(11) “+-y=3y (12)y" —4xy = x>y
r 1 3.2 dy 1 o5 .
13)y ~y=xy (14)ydx+2y = sinx
(15) vy’ + ycotx =y lcosec?x (16) xy' +y =y?Inx
(17) = x2(y + 3)3 (18) xy' + 2y = —x°e*y?
(19)2xyy +(1+x)y = e* 20)y' +y = xy3
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